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Summary. According to Hardy-Weinberg, for a single
autosomal locus, a population achieves equilibrium in
one generation of random mating if allelic frequency is
the same in the sexes, or in two generations if the fre-
quency is not. For a single X-chromosomal locus, how-
ever, the approach to equilibrium oscillates and is gradu-
al. Covariances between relatives for autosomal and for
X-chromosomal loci are in the literature for a random
mating population in equilibrium. Although assumption
of equilibrium is defensible for an autosomal locus, it is
less defensible for an X-chromosomal locus. Covariances
between collateral and between lineal relatives are
derived for X-chromosomal loci in a random mating
population not in equilibrium. Collateral relatives such
as sibs are of the same generation, and lineal relatives
such as parent-offspring are of different generations.
Coefficient of co-ancestry between relatives, based on
identity by descent, was used in this development. Re-
sults are applicable to crossbreeding in livestock and
poultry, and also to haplo-diploid organisms, such as the
honeybee, in which the entire genome is equivalent to
being X-chromosomal.
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Introduction

The contribution of autosomal loci to genetic variance
and covariance between relatives is well-documented. In
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contrast, the contribution of X-chromosomal loci to such
variance and covariance is less well-documented, but
may be important and should not be ignored (Grossman
and Eisen 1989).

For autosomal loci, it is well-understood how genetic
variance and covariance between relatives can be formu-
lated in terms of genetic parameters, such as allelic fre-
quencies and genotypic effects, for a population in equi-
librium. Such formulations are not as well-understood
for X-chromosomal loci, and are not known for a popu-
lation in disequilibrium.

According to Hardy-Weinberg, for a single auto-
somal locus, a population achieves genotypic equilibrium
in one generation of random mating if allelic frequency
is the same in the sexes, or in two generations if the
frequency is not (Crow and Kimura 1970). For a single
X-chromosomal locus, however, the approach of the
population to equilibrium oscillates and is gradual
(Jennings 1916; Crow and Kimura 1970), reaching
equilibrium only in the limit.

Correlation between full sibs and between parent and
offspring for additive and dominant gene actions at an
X-chromosomal locus for a population in equilibrium
has been derived by Hogben (1932). Wright (1969)
presented correlations between various relatives for an
X-chromosomal locus. Commonly used covariances be-
tween relatives for X-chromosomal loci in a random
mating population in equilibrium have been derived by
Bohidar (1964), James (1973), and Grossman and Eisen
(1989). Although assumption of equilibrium is defens-
ible for an autosomal locus, it is less defensible for an
X-chromosomal locus.

The objective of this paper is to derive covariance
between collateral and between lineal relatives for X-
chromosomal loci in a population not in equilibrium.
Collateral relatives, such as sibs or cousins, are of the
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same generation and lineal relatives, such as parent-
offspring or aunt-nephew, are of different generations.
Coefficients of co-ancestry between relatives, based on
identity by descent (Malécot 1969), have been derived for
X-chromosomal loci (Grossman and Eisen 1989) and will
be used for the development in this paper.

Theory

Model

We assume that the male is the heterogametic sex (XY)
and the female is the homogametic sex (XX). The Y
chromosome is considered to contain an inert locus and,
therefore, will be ignored. For species in which the
male is the homogametic sex (ZZ) and the female is the
heterogametic sex (ZW), such as poultry, results should
be interpreted accordingly. Results are applicable also to
haplo-diploid organisms, such as the honeybee, in which
the entire genome is equivalent to being X-chromosomal
(L1 1976).

For random mating in an infinite population, con-
sider a single X-chromosomal locus with two alleles, s,
and s,, for a population in disequilibrium, i.e., allelic
frequency is not the same in the sexes. Results can be
extended easily to a single X-chromosomal locus with
multiple alleles. The model is described below in genera-
tion ¢:

Sex Male Female

Genotype S; Sy S1S; S48, $281 S35,
z t t t t t

Frequency m; m; fiv fla i fi2

Genotypic value Vi V2 Vit Yiz Y1 Va2

For males, X-chromosomal inheritance determines
that a genotype S = s; (i = 1, 2) receives its allele from its
maternal parent.

Frequency of genotype s; in generation ¢ (m;) is that
for females in generation r—1 (f;' ™) (Li 1976, p. 135)
as

P(S=s)=mi=f"",
with Z;m} =1.

For females, we will distinguish alleles by parent of
origin. Because an allele may differ in its effect depending
on parent of origin (Marx 1988), genotypic value of the
heterozygote is y,, for 5,5, and y,, for s,s5,. By our
convention a female with genotype S, S, = s;5, receives
allele s; (j=1, 2) from its maternal parent and allele s,
(k=1, 2) from its paternal parent.

Frequency of genotype s;s, in generation ¢ (fj) is the
product of the allelic frequency for females (ff ') and

for males (m,™!) in generation t—1 (Li 1976) as
P (SmSp = Sjsk) =P [(Sm = Sj) ’ (Sp = Sk)]
= j;e :f}t‘l m;‘—l ’
with 2; %, fii = 1.
For females, we have computed frequencies of alleles
by parent of origin. The frequency of a maternal allele in

generation ¢ (f},) is allelic frequency for females in the
previous generation as

PS,=s)=frm=f"")

with Z; f;t =1. Similarly, the frequency of a paternal
allele in generation ¢ (f;,) is allelic frequency for males in
the previous generation as

P(Sp = Sk) =ﬁc’p = m;c_l s

with X, £, =1. Frequency of 5; (j=1, 2) for females in
generation ¢ (f}) is the arithmetic mean of allelic frequen-
cies for parents in generation ¢—1 (Li 1976, p. 135) as

fi=3Um 1) =3 (ff +mih,

with X; f/ =1.

Allelic frequency for males and for females in genera-
tion ¢ can be expressed also by the arithmetic mean of
frequencies in the two previous generations (Li 1976,
p.136) as

=30+ m?)

and

ﬁt =%(fit_1 +ﬁt_2).

This recurrence relation aliows us to express allelic fre-
quency in generation ¢ in terms of its equilibrium allelic
frequency (p;) and the deviation from equilibrium in
generation ¢ (d) (Li 1976, pp. 152—156) as

m; =p,—2d]
and

fit =D + dit H

where p,=(m,;/3)+(2f;/3) in each generation, df =
(—1y 6?/3 in generation ¢, and &) = f;°—m] in genera-
tion zero. Note that as t —» oo, mi — p; and f — p;; at
equilibrium, m{ = f;° = p;.

Genotypic models

For males, the genotypic value Y™ =y, for genotype
S = s; in generation ¢ can be modeled as

yizﬂ:n-i-ﬂit’ (1)

where i, is the mean genotypic value for males and
B = p}is the average effect for allele s;, measured by the
average of genotypes with that allele as a deviation from



the mean for males:

Hy = E(YM) = Z;mi(y,)

and

B =E(YM|S = 8;)— = yi—

and where E () is the expectation operator at genera-
tion t. From the above definition, E (8%) = Z;mi g} = 0.
Note that the average effect of an allelic substitution for
males is f}— g5 (Falconer 1981). At equilibrium, the
genotypic mean is y;, and the average effect is ff, which
are computed as above using the equilibrium allelic
frequency (p;).

For females, the genotypic value Y* =y, for geno-
type S, S, = s;5, in generation t can be modeled as

yjk = :utf + a;m + o(;cp + 63k (2)

where u is the mean genotypic value for females; o, =
o, is the average effect for maternal allele S, = s;, mea-
sured by the average of genotypes with that allele as a
deviation from the mean for females; o, = o, is the
average effect for paternal allele S, = s,, measured by the
average of genotypes with that allele as a deviation from
the mean for females; and ¢' = d% is the dominant
deviation for genotype S,S, = s;s,, measured by the
failure of the average effects to sum to that genotypic
value as a deviation from the mean for females:

#tf =E (YF) = ijkfﬁc w) = 252 sz—1 mi_l (yjk) >
a;’m =k (YF,Sm = Sj)—ﬂtf = Ekfktp (,ij)_/‘tf

=2, m- ! (ij)_/"tf = f}m—ﬂtf >
O‘?cp = E(YFIS,; = Sk)'_:utf = ):jfj'm (J’jk)—ﬂtf

= Ejfjt_l (,ij)—,utf = Ejm} (yjk)_:utf = }—);(p_ﬂtf’
and
&% = E(YF|S, S, = 8;8) — Hy — oy, — o,

= (yjk _:utf) _(a_tim + lx;cp) .
From above definitions,
E(p) =2 fintim=2;f{ 15, =0
E (“;) =2 fktpa?(p =2 m ! °‘§cp =0
EQ) =220 =52 ff 'm0 =0
and, from random mating,
E(o, o)) = E(a,6') = E(a,0') = 0;
thus covariances between terms in the model are null.
Note that the average effect of an allelic substitution for
a maternal allele is o}, —a5,,, and that the average effect
of an allelic substitution for a paternal allele is o ,—a5,,.
At equilibrium, the genotypic mean is 5, average effects
are o, and ay,, and dominant deviations are %, which

are computed as above using the equilibrium allelic fre-
quency (p;).
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Variances

For males, the variance of genotypic values, from (1), is
the variance for average effects:
V(YM)=V (f) = Z;m{ (5) 3)
= Zmi (yi— M) Vi— ) = Zim5 (Vi— 13,) ¥1, (3.1)
where V () is the variance operator at generation ¢. The
variance at equilibrium, V' (f°), can be computed using m$
and yg, in (3.1).
For females, the variance of genotypic values, from

(2), is the sum of variances for average effects and domi-
nant deviations:

V(YH = V(ozﬁ,,)+V(oz;)+V((5') 4
where
V() = 2 fin 05)* = Z; fin Fim— 1) Fim— 1) (4.2)
=2 fi 7 Fim—tt) Pim
= 2 (Fim— 15) Fim 4.1.1)
V(o) = Zy fip (064,02 = Z S Ghp— 1) Fhp— 1) (42)

= 2,m " (Tip—#5) Fip » (4.2.1)
and
V) = Ejzk f,;c (531)2 =22 f,;c (J’jk_/‘tf_“;m“a;w)
(V= My — ol — i) (4.3)

= ijk f:jt_l m;c_l (yjk_ﬂlf—a;m_a;p) Vi - (4.3.1)

Variances at equilibrium, V («;,), V («3), and V (6°), can
be computed using f° and m;, and 4%, o, and of, in
(4.1.1), (4.2.1) and (4.3.1).

Covariance between relatives

Covariance between relatives is the covariance between
genotypic values of related individuals. It is expressed in
terms of fractions of components of variance and co-
variance, depending on the sex of relatives involved.
We derive covariance between relatives for X-chro-
mosomal loci following the approaches of Kempthorne
(1969) and Weir and Cockerham (1977), depending on the
sex of relatives and on whether they are collateral or
lineal relatives (see Sect. A in Appendix). Coefficients of
co-ancestry are from Grossman and FEisen (1989).

Male-male. Let r=P (S'=S) be the probability that the
allele §' in a male M’ in generation ¢’ is identical by
descent (=) to the allele S in another male M in genera-
tion t. This probability is the coefficient of co-ancestry for
males. Also let B = P(S'=s;|S'=S) be the probability
that the allele in male M’ is s;, given alleles in the two
males are identical by descent.

Then covariance between genotypic values for males
is covariance between the average effect (8'*) for male M’
and the average effect (§) for male M, which must be
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evaluated depending on male relationships:

C(YM, Yy")=C(B*, f)=C(B",FIS=5)P(S'=S) (5
=P(S'=8) Z;P(§'=5,|5'=5) (F) ()
=rZ;P,(f)(5), (5.1)

where C(} is the covariance operator between genera-
tions ¢ and t and C (8", £1S'=S) is the covariance
between the average effect for alleles in generation ¢’ and
the average effect for alleles in generation ¢, given the
alleles are identical by descent (see Al in Appendix).

To compute covariances for commonly used collateral
male relationships, Table 1. For full brothers in genera-
tion t, for example, r=1 (Grossman and Eisen 1989),
t'=t, ff = f;and B =m!. From (5) and (3),

C(Y™, Y¥)=1C (8", fIS'=5) = 3 i (B
~LV(p).

Thus covariance between full brothers is half the variance
of average effects for males in generation 1. Covariance at
equilibrium is 1 V (8°).
To compute covariances for commonly used lineal
male relationships, Table 1. For maternal uncle-nephew,
=1, the generation of the uncle ' =t —1, ff = fi~' and
P=m"' From (5 and (3.3,

CYM, YM)=;C(E* " FIS'=S)

=3 Zim = (BT B

= i'zi m (y— 1) i u)

=1 Zm T Gt Ny =5V (ETY).
Thus covanance between maternal uncle-nephew is one-

quarter the variance of average effects for males in gener-
ation ¢t —1. Covariance at equilibrium is 1 ¥ (§°).

Table 1. Probabilities for male relationships in a random mating
population for X-chromosomal loci

Male relationship t Probability !
E, r

Collateral

Monozygous twins t m 1
Full brothers t ", 1
Maternal half brothers t n, :
Paternal half brathers H . 0
Lineal

Father-son t—1 e 0
Maternal g'father-g’son -2 my? 1
Paternal g’father-g’son t—2 . 0
Maternal uncle-nephew —1 my~! :
Paternal uncle-nephew t—1 Q

1B = P(S=5,IS'=5); g=1,2; r=P(§'=5)

Female-female. Remember that a female with genotype
S. S, receives allele S, from its maternal parent and
allele S, from its paternal parent. Therefore, let r,.,, =
P (S,,=S,,) be the probability that the allele of maternal
origin S, in female F’ in generation t' is identical by
descent to the allele of maternal origin S, in female F
in gencration f; similarly, let r,, = P(§,= =5,), Tom =
P(S,=S,)and r,, = P(S,=S,), and let d= P[( s Sp) =
(S p)] TimTpp ™t Tmp T om DE the probability that both
alleles in F’ are identical by descent to both alleles
n F.

Also let By,.=P(S,=s,|5,=S,) be the probability
that the maternal allele in F' is 5;, given maternal alleles in
the females are identical by descent; similarly, let B,,, =
P(S,=5;18,=5,), Bjpm = P (S, = 5IS,=8,) and B, =
P(S, = 58,=S,); and let B, = P [(S,, S, = 5;5:)|(Sm> Sp)

=(S,s p)] be the probability that the genotype in F/
is §;5,, given both alleles in F’ and F are identica! by
descent.

Then covariance between genotypic values for fe-
males is the sum of covariances between average effects
for maternal and paternal alleles and between dominant
deviations of females F’ and F, which must be evaluated
depending on female relationships:

C(Y", YTy =C (ay +op +0", o, + o, +5
= C (> %) +C (o, ,,)+C(a"’ o)
+C oy ) +C (6", 9, (6)
where

oy, 8 =C), 8 =C(@"d,)=C@#",a)=0

because of random mating and where

C@,at)=C(",a|S,=S8,) P(Sy=S,) (6.1)
= P (S.=5,) 2P (S, =515, = =) (@) (@)

= T Z; P (0} (@5 (6.1.1)

C oy, oty =Clop,o|S,=S,) P (S,=S5,) (6.2)
= P(S’ =S,) Z,P (S, =5;18.=5,) (&,,) (5,)

ip 2 Bimp (@) (05, (6.2.1)

Cay  at) = C (o, 4|, =5,) P (S,=5,) 6.3)
= P (S5,=8,) Z, P (S,=515,=S,) (0,) (%hm)

= pm Zi Bipm (@) (k) (6.3.1)

Cyf, o) =C(a),)S,=8,) P(S,=S,) (6.4)

= P(8,=5,) 5, P (S;=55,=S,) (@}, (%)
= Top e By (d'tklp) (&) 6.4.0)
and
C (87,8 = C (6", FI(S,,, S,)=(S,s S,))

P [(Sm> S5) = (S S,)] (6.5)
= P [(Sn: $5)=(5n, §p)]

- Z;Z PUS, S, = 5:3)1(8n, 5,)=(5,, S,

(05) (O%) = dZ; 2, B, (05%) (O%) . (6:5.1)
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Table 2. Probabilities for female relationships in a random mating population for X-chromosomal loci

Female relationship t Probability

Ell’"’" Yum Ell"‘P Tmp P:llpm T om lepp Top
Collateral
Monozygous twins t ot 1 0 0 mt 1
Full sisters t it : 0 0 m 1
Maternal half sisters t FA i 0 0 ... 0
Paternal half sisters t ... 0 0 0 my~! 1
Lineal
Mother-daughter t—1 FA ! .. 0 m? 3 0
Maternal g'mother-g’daughter t—2 3 3 m, 3 : 0 . 0
Paternal g’mother-g’daughter t—2 ... 0 73 : ... 0 m3 :
Maternal aunt-niece t—1 A : . 0 mi 2 1 0
Paternal aunt-niece t—1 . 0 5 1 0 0

! BI|"‘"‘ = P(Srln=sq|Sr’nESm); EII"'P

Tum=P (Sn=8,); Tpy=P (S, =8, 1, = P (S,

mm

where, e.g., C (&%, ot |S,=S8,,) is the covariance between
the average effect for maternal alleles in generation t' and
the average effect for maternal alleles in generation ¢,
given the maternal alleles are identical by descent (see A2
in Appendix).

To compute covariances for commonly used colla-
teral female relationships, Table 2. For full sisters in
generation t, €.8., T, r rom=0,r,=1,d=1

=1
=1

mp = 2°

r__ t Lt ¢t t —

t -—1t, ozjt,,, = 0y %y —loc,q, fmd Oy = J}k,taildtﬂlmm =
t— — —_ t— — — - - —

fj —fjms B(Ipp = my —f;q; and Py —fj ny —fjk

(see Sect. B in Appendix). From (6.1), (6.4) and (6.5), and
from (4.1) to (4.3),

C(Y™, YF) =1 C (o), 1S, =8,) +1 C (a, &S, =S,)
+% C (0", &'|(S,,» $)=(5,,S,)
= % 25 fim (“3'm)2 +Z fip (“ip)z
+3 22 [ (0%)
=LV @) +V (@) +1V ).

Thus covariance between full sisters in the sum of half the
variance of the average effect for maternal alleles, the
variance of the average effect for paternal alleles, and
half the variance of dominant deviations for females in
generation t.

At equilibrium, and for equal genotypic values for
heterozygotes, V (a5,)=V (a5)=1 V (a°), so that variance
of average effects for maternal and for paternal alleles is
half the variance of average effects for females. Then

CY", YR =1G+1)V(@)+LV ()

=@V @)+3iV ().
Thus, covariance between full sisters at equilibrium is the
sum of three-quarters the variance of average effects and

=P (S, =5,15,=S5,); P = P(S,=5,15,=5,); By, = P(S,=5,15,=5,); q
Sn)andr, = P(§,=

1,2

14

half the variance of dominant deviations for females, a
known result (Grossman and Fisen 1989).

To compute covariances for commonly used lineal
female relationships, Table 2. For paternal aunt-niece,
Tp =2 P =Tom =T =4=0, ' =t—1, &% = ot !

and By, = f/~*. From (6.2),

C(YF,Y\)=1C(@™", &|S,=S,)

=35 0777 @) () -
Thus covariance between paternal aunt-niece is half the
covariance between the average effect for maternal alleles
in generation t—1 and the average effect for paternal
alleles in generation ¢, given the maternal allele is identi-

cal by descent to the paternal allele. Covariance at
equilibrium can be computed using f°, «5, and of,.

Male-female. Let r,, = P (S=S,,) be the probability that
the allele S in male M in generation ¢’ is identical by
descent to the maternal allele S, in female F in generation
t; similarly, r,=P (§=S§,).

Also let P, = P(S=s5|5=S5,) be the probability
that the allele in M is s;, given the allele in M is identical
by descent to the maternal allele in F; similarly,
RBp=P(S=5/5=85,).

Covariance between genotypic values for male M in
generation ¢’ and female F in generation ¢ is the sum of
covariances between the average effect for M and average
effects for maternal and paternal alleles for F, which must
be evaluated depending on male-female relationships:

C(YM, YF) = C(F, o, +ay+ &)

=C(f', o)+ C (f, o) M
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Table 3. Probabilities for male-female relationships in a random mating population for X-chromosomal loci

Male-female relationship t Probability *

qu’" Fm E1|P o
Collateral
Full brother-sister t A 1 0
Maternal half brother-sister t Lt : 0
Paternal half brother-sister t . 0 0
Lineal
Father-daughter t—1 s 0 my~? 1
Maternal g’father-g’daughter t—2 m,~? 3 0
Paternal g'father-g’daughter t—2 - 0 0
Maternal uncle-niece t—1 mt : .. 0
Paternal uncle-niece t—1 0 m! i
Mother-son t+1 m, i m~1 1
Maternal g'mother-g’son t+2 i3 : m3 i
Paternal g’'mother-g’son t+2 - 0 e 0
Maternal aunt-nephew t+1 A 1 m"? 1
Paternal aunt-nephew t+1 ... 0 .. 0

! B, = P(S=5,IS=S,) and B, = P(S=s,|S=5,); g=1,2
rm=P(§=8)andr,=P(S=3S,)

where C (8,6 = 0 and
C(f, o) =C(f,0,|S=S,) P(S=S,) (7.1)
=P(§=5,) 5 P(S=55=S,) (f) (tn

= rmziE|m (m,)(aim (7'11)

and

C(p',d)=C(f,d,)|S=S,) P(S=S,) (7.2)
=P (S=5,) %, P(S=5,(S=S,) (B} (o},)
=1, Z; B, (B) (),

where, e.g., C(f",« |S=S,) is the covariance between
the average effect for males in generation ¢* and the aver-
age effect for maternal alleles in generation t, given the
allele in the male and the maternal allele are identical by
descent (see A3 in Appendix).

At equilibrium, and for equal genotypic values for
heterozygotes, conditional covariances between average
effects for male and female (7.1 and 7.2) correspond to half
“the covariance between the additive effects of the sex-
linked genes in male and female [3 C,]” of Bohidar
(1964) and to Cy = § C,, of James (1973):

C (B, a4 1S=5,) = C (B, a2|S=S,) = £ Coy = Cur.
To compute covariances for commonly used colla-
teral male-female relationships, Table 3. For brother-

sister in generation ¢, e.g, r, =3, 7, =0, =t, i = f
and B, =f"!. From (7.1),

C(YM, Y) =3 C(F, 0,[S=8,) =3 2. /77 (B) (i) -

(7.2.1)

Thus covariance between full borther-sister is half the
covariance between the average effect for males and the
average effect of maternal alleles for females in generation
t, given the alleles are identical by descent. Covariance at
equilibrium can be computed using f°, ff and af,,.

To compute covariance between commonly used
lineal male-female relationships, Table 3. For father-
daughter, r,=0, r,=1, t'=t—1, f'=§"" and
Py, = m{~*. From (7.2),

CYMYT)=1C(F Y alS=S,)=Zm ™" (Fi71) («i,) -

Thus covariance between father-daughter is the covari-
ance between the average effect for males in generation
t—1 and the average effect of paternal alleles for fe-
males in generation t, given the alleles are identical by
descent.

For mother-son, r, =7, =13, t' =t+1, f =",

m

and B, = m} and B, = m{"'. From (7.1) and (7.2),

CY™, Y=L C(F*, olS=S,)+ 1 C(F*, | S=S,)
= LIS (B ) () + Zim ™ (B ()

Thus covariance between mother-son is the average co-
variance between the average effect for males in genera-
tion t 4+ 1 and the average effects for the maternal and for
the paternal alleles for females in generation ¢, given the
alleles are identical by descent. Covariance at equilibrium
can be computed using mf{, 5, «f, and o,.



Discussion

We have derived genetic variances and covariances be-
tween common relatives for an X-chromosomal locus in
a random mating population in disequilibrium. These
variances and covariances deviate from equilibrium to an
extent depending on the difference between allelic fre-
quency in the sexes, the disequilibrium changing sign
each generation. Results for female relatives can be ap-
plied to an autosomal locus in which allelic frequency is
not equal in the sexes.

Remember that a population reaches equilibrium in
one or two generations for an autosomal locus and only
in the limit for an X-chromosomal locus. In cross-
breeding programs, where interest is primarily on the
first few generations, allelic frequency in the sexes is not
expected to be equal and the population, therefore, is in
disequilibrium with respect to both autosomal and X-
chromosomal loci. Data from such programs are used to
estimate genetic parameters under theory developed
when the population is in equilibrium. As demonstrated
here, when the population is not in equilibrium, vari-
ances and covariances between relatives deviate from
their equilibrium values. Thus, using equilibrium vari-
ances and covariances between relatives yields biased
estimates of genetic parameters. For autosomal loci,
Melchinger (1988) derived genetic parameters for
crossbred populations in which the parent populations
consisted of a number of homozygous inbred lines.
Results presented here, however, may be useful to assess
the deviation from equilibrium for autosomal and X-
chromosomal loci when the parent populations are not
inbred.

Cross-breeding programs typically involve traits de-
termined by a large number of loci, each locus possibly
having a different disequilibrium value, different allelic
frequencies, and different effects. The situation may be
further complicated by finite population size and over-
lapping generations. For a proper treatment of disequili-
brium in cross breeding, the above conditions must be
taken into account.

Appendix
A Derivation of covariance between relatives for average effects

Let X be the average effect of allele S, in an individual and Y be
the average effect of allele S, in a refated individual, and let Z
be a random variable that has value 1 when S, =S, and value 0
when S #S,. Then from Kempthorne and Folks (1971), co-
variance between average effects is
CX,Y)=E[CX,Y|ZN+C,[E(X|Z), E(Y|Z)
=C(X,Y|Z=1)P(Z=1)+C(X,Y|Z=0) P(Z=0)
+C.[E{X|2Z), E(Y|Z)]
=C(X,Y|Z=1)P(Z=1)+ C,[E(X|2), E(Y|2)]
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Generation Pedigree
Maternal
grandmother
t-2 s
t-1 S'=s Sp=s
Uncle
t S=S;=s

Nephew

Fig. 1. Pedigree of maternal uncle-nephew relationship; box
— denotes male and box ——— denotes female, where s is a
random allele from the grandmother, §’ is the allele in the uncle,
S,, is the maternal allele in the female, and S is the allele in the
nephew

because the covariance between average effects is null when
alleles are not identical by descent.

For relatives considered in this paper, C, [E (X|Z), E(Y|Z)]
is zero because either E (X|Z) or E (Y|Z) is a constant, namely
zero. For other relatives, for which E (X |Z) and E (Y| Z) are not
constant, such as first cousins whose mothers are full sisters or
double first cousins whose parents are members of the same-sex
full sibship, C, [E (X|Z), E (Y|Z)] must be computed explicitly.
In the following examples of collateral and lineal relatives con-
sidered in this paper, we show that either E(X|Z) or E(Y|Z) is
constant with respect to the value of Z and, therefore,
C,lE(X|Z), E(Y|Z)] is zero. In addition, we present the basis
for determining allelic frequencies given Z =1, which are neces-
sary to compute E (X, Y|Z=1)P(Z=1).

Al Male-male

Collateral. For full brothers, for S’ to be identical by descent to
S, the alleles must have descended from their mother. Allelic
frequency in the mother and thus her son is f~! = m!, irrespec-
tive of whether the alleles in the brothers are identical by descent,
which implies that allelic frequency in the brothers is indepen-
dent of the condition of identical by descent. Thus,

B=P(S'=5]S'=8)=P(S=5]|S#S) =P (S=5)
=P(S=5|5'=5) = P(S=5,|S'#S) = P(S=s,)

=mi.

Therefore, E(X|Z) = E(Y|Z) = E(§'|Z) = Z,m. £, is constant
with respect to the value of Z because the allelic frequency in the
brothers is independent of Z. Thus, C, [E (X |Z), E(Y|Z)] = 0.

Lineal. For maternal uncle-nephew (Fig. 1), for S’ to be identical
by descent to S, the alleles must have descended from the mater-
nal grandmother. Allelic frequency in the grandmother and thus
in the uncle is f;/~% = m{~ !, irrespective of whether the alleles
in the uncie and in the nephew are identical by descent, which
implies that allelic frequency in the uncle is independent of
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Generation Pedigree
Paternal
grandmother
t-2 s
t-1 Sh=s S'ss
Aunt
t Sp=S'=s

Niece

Fig. 2. Pedigree of paternal aunt-niece relationship; box ——
denotes male and box —— denotes female, where s is the
random allele in the grandmother, S,, is the maternal allele in the
aunt, §' is the allele in the male, and S, is the paternal allele in
the niece

the condition of identical by descent. Allelic frequency in the
nephew, however, is f; "> = m!{ ™" when the alleles are identical
by descent whereas the unconditional allelic frequency is ms,
which implies that allelic frequency in the nephew is not inde-
pendent of the condition of identical by descent. Thus,
B=P(S'=s5|5=5)=P(S'=5|5#8) = P(§'=s,)

=P (S=5]8=8) #P (S=5,/S#S)#P (S=s;)
=mt~1
Therefore, E(X|Z) = E(f#"'|2Z)= Z;m{"* §i~! is constant be-
cause the allelic frequency in the uncle is independent of Z.
However, E (Y|Z) = E (f'|Z) is not constant because the allelic
frequency in the nephew is not independent of Z. Nevertheless,
C,[E(X|Z), E(Y|Z)] = 0 because E (X |Z) is a constant.

A2 Female-female

Collateral. For full sisters, for S,, to be identical by descent to S,,,
the maternal alleles must have descended from either the mater-
nal or the paternal allele of their mother. Allelic frequency in
the mother and of maternal alleles in the sisters is 1 (i '+
1) =f; 7" = fii,, irrespective of whether the alleles in the sis-
ters are identical by descent, which implies that allelic frequency
in the sisters is independent of the condition of identical by
descent. Thus,

Bium = P (S, =5;15,=5,) = P (8, =5;|S,#5,) = P(§,=5))
= P(8,=5;|5,=S,) = P(S5,,=5,18,#S,) = P(S,=5,)
=f;_l—1 i

Therefore, E(X|Z) = E(Y|Z) = E(2,|2) = 2, f} " o, is con-
stant.

For full sisters also, S, is identical by descent to S, with a
probability equal to 1, so that Z=1 always. Thus K, = m,
and E (X |Z) = E(Y|Z) is constant because Z is a constant.

Lineal. For paternal aunt-niece (Fig. 2), e.g., for S,, to be identical
by descent to §,, the maternal allele in the aunt and the paternal
allele in the niece must have descended from the paternal grand-

mother. Frequency of the allele in the grandmother, of maternal
alleles in the aunt, and of paternal alleles in the niece is
filmiafil ot =t
J Jm J ip?
irrespective of whether the alleles in the aunt and niece are
identical by descent, which implies that allelic frequency of ma-
ternal alleles in the aunt and of paternal alleles in the niece are
independent of the condition of identical by descent. Thus,
Py, = P (S,=5,I5,=S,) = P(S,=s5,|S,#5,) = P (S,=5,)
=P(S,=5,5,=5,) = P(S,=5,|S,#5,) = P(S,=5,)
==l =0
Therefore, E(X|Z) = E (o, *|1Z) = L, f},7 ' ! s constant be-
cause the allelic frequency of maternal alleles in the aunt is
independent of Z, and E(Y}Z) = E(«,|Z) = Z; a5, 18 con-
stant because the allelic frequency of paternal alleles in the niece
is independent of Z.

A3 Male-female

Collateral. For brother-sister, for S to be identical by descent to
§,,, the allele in the brother and the maternal allele in the sister
must have descended from their mother. Frequency of the allele
in the mother, of the allele in the brother, and of the maternal
alleles in the sisters is

f.‘_' =m=f!
irrespective of whether the alleles in the brother and sister are
identical by descent, which implies that allelic frequency in the
brother and of the maternal alleles in the sister are independent
of the condition of identical by descent. Thus,

Py, = P(S=5,s=S$,) = P(S=5/S#5,) = P(S=s)
= P(S,=s5,]8=S,) = P(S,=5,|S#S,) = P (S, =5,)
=fi"t =m.

Therefore, E (X |Z) = E (§'|Z) = Z,m; f is constant because the
allelic frequency in the brother is independent of Z, and E (Y|Z)
=E (,|Z) = Z, fi}, «,, is constant because the allelic frequency
of the maternal alleles in the sister is independent of Z.

Lineal. For mother-son, the allele in the son must have de-
scended from its mother. Frequency of the maternal allele in the
mother is f;, and of paternal allele is f;;, irrespective of whether
the son receives the maternal or paternal allele from the mother,
which implies that frequency of the maternal allele and of the
paternal allele are independent of the condition of identical by
descent.

When the son receives the maternal allele (S=S,,), allelic
frequency in the son is the frequency of the maternal allele in the
mother, f, =f;"' = m{, whereas the unconditional allelic fre-
quency in the son is m{*!, which implies that allelic frequency in
the son is not independent of the condition of identical by de-
scent. Thus,

By = P(S,=s)IS=S,) = P(S,=s)IS#S,) = P(S,=5,)
= P(S=s5,|S=5,)#P (S=s5,S#S,)#P (S=5,)

_ ft=1
—Jim

Therefore, E(X|Z)=E(&,|Z)= X, fi 1o, is constant be-
cause frequency of the maternal allele in the mother is indepen-
dent of Z. However, E(Y|Z) = E(f**'|Z) is not constant be-
cause the allelic frequency in the son is not independent of Z.
Nevertheless, C, [E («,|Z), E (£*!|Z)] = 0 because E (X|Z) is
constant.

When the son receives the paternal allele (S=S,), allelic
frequency in the son is the frequency of the paternal allele in the

=m.



mother, f;; = m{~', whereas the unconditional allelic frequency
in the sonis mi* !, which implies that allelic frequency in the son
is not independent of the condition of identical by descent.

Thus,
B, = P(5,=5)IS=5,) = P(5,=5)IS#5,) = P(5,=5)
— P(S=5,IS=S,)#P (S=5,S£S,)#P (S=s,)

= i;; = m:_l .

Therefore, E(X|Z) = E («,12) = Z, f, o, is constant because
frequency of the paternal allele in the mother is independent of
Z. However, E(Y|Z) = E(f'*1|Z) is not constant becaunse the
allelic frequency in the son is not independent of Z. Nevertheless,

C,E()2), E(f )] = 0 because E (X|Z) is constant.

B Derivation of covariance between female relatives
for dominant deviations

Let X be the dominant deviation of genotype §,,, S, in a female
and Y be the dominant deviation of genotype S,,, S, in a related
female, and let Z be a random variable that has value 1 when
SemSep =8, S, and value O when S, S, #5,,S,, Then co-
variance between dominant deviations is

C(X,Y)=C(X,Y|Z=1)P(Z=1)+C, [E(X|Z), E(Y|Z)].

For full sisters, for S, S, to be identical by descent to S, S,,
the maternal allele in both sisters must have descended from
cither the maternal or the paternal allele of their mother. The
paternal alleles in both sisters are always identical by descent.
The genotypic frequency in the sisters if f, irrespective of
whether the maternal alleles in the sisters are identical by de-
scent, which implies that allelic frequency in the sisters is inde-
pendent of the condition of identical by descent. Thus,

Py = P[(5,=5,), (S,=5)1(5, 8,)=(S,S,)]
= P[(S,=s5;), (S,=8)I(5,, §;) #(S,, S, )]
= P(S,=5;15,=S,) P(S,=515,=85,)
= P(S,=5;15,#5,) P(S,=5.15,#5,)
=P{§,=s5)P(S,=5,)
=By =1 =
Therefore, E (X|Z) = E(Y|Z) = E(0%|2Z) = X, Z, [ 0% is con-

stant because allelic frequency in the sisters is independent of Z.
Thus, C, [E(X|2Z), E(Y|Z)] = 0.
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